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Abstract 
The present study considers the tensile strength of concrete 
samples in direct, flexural, double punch and ring tests using 
both of the experimental tests and numerical simulation (parti-
cle flow code 2D). It determined that which one of indirect ten-
sile strength is close to direct tensile strength. Initially calibra-
tion of PFC was undertaken with respect to the data obtained 
from Brazilian laboratory tests to ensure the conformity of the 
simulated numerical models response. Furthermore, valida-
tion of the simulated models in four introduced tests was also 
cross checked with the results from experimental tests. By using 
numerical testing, the failure process was visually observed 
and failure patterns were watched to be reasonable in accord-
ance with experimental results. Discrete element simulations 
demonstrated that the macro fractures in models are caused 
by microscopic tensile breakages on large numbers of bonded 
discs. Tensile strength of concrete in direct test was less than 
other tests results. Tensile strength resulted from punch test 
was close to direct test results. So punch test can be a proper 
test for determination of tensile strength of concrete in absence 
of direct test. Other advantages shown by punch tests are: (1) 
the punch test need less sample size compared with other tests, 
(2) less material is need for sample preparation, (3) sample 
preparation is easy and (4) the use of a simple conventional 
compression press controlled by displacement compared with 
complicate device in other tests.
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1 Introduction
The Concrete is the most common material used in the con-
struction industry. The use of concrete structural elements can 
be easily found in buildings, highways/bridges, runways, jet-
ties, etc. Many experimental and theoretical studies have been 
carried out to determine the tensile strength of concrete [1-12]. 
Direct tensile test is first method for determination of tensile 
strength.
However, the tensile strength obtained from the uniaxial ten-
sile test is more reliable than that of other test methods. But 
this test method requires much more care compared to indi-
rect methods. Particularly, after the production of strong epoxy 
based adhesives, the uniaxial tensile tests are done with few 
troubles. Many experimental researches conducted in the past 
to determine the uniaxial tensile strength failed because of 
unexpected crushing which occurred as a result of local stress 
concentrations. Another difficulty in uniaxial tensile tests is 
that the test specimen is under the influence of moment effects 
during the tensile test due to eccentricity. The four point flex-
ural test is other method for determination of tensile strength of 
concrete (Fig. 1).
Fig. 1 Four point flexural test [13].
Because of its symmetry, the bending moment is constant 
between the two load points placed on the top of the specimen. 
Therefore, the flexural tensile stress is uniform over the thick-
ness. The bottom surface of the specimen between the positions 
of the two load points is subjected to a constant uniaxial stress 
field. The nominal flexural strength of a beam under four point 
bend can be obtained from the beam theory :
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if the loading span is 1/2 of the support span (i.e. Li = 1/2 L in 
Fig. 1):
σ = 3
4
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If the loading span is neither 1/3 nor 1/2 the support span for 
the 4 pt bend setup (Fig. 1):
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where σ is the nominal strength; F is the maximum load, Li is 
the length of the loading (inner) span, F is the load (force) at 
the fracture point, L is the length of the support (outer) span, b 
is width and d is thickness.
According to Elayesh [14] flexural strength provides two 
useful parameters, namely: the first crack strength, which is 
primarily controlled by the matrix, and "the ultimate flexural 
strength or modulus of rupture, which is determined by the 
maximum load that can be attained.
The double punch test proposed by Chen [15] is other method 
for determination of tensile strength of concrete (Fig. 2). In 
this test, a concrete cylinder is placed vertically between the 
loading platens of the machine and is compressed by two steel 
punches placed concentrically on the top and bottom surfaces 
of the cylinder. The specimen splits across many vertical dia-
metric planes similar to the split-cylinder test, but the testing 
arrangement for the new test may be reduced.
Fig. 2 Double punch test [15].
The relation is proposed by Chen [15]:
σ
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Where, σ is tensile strength, P is failure load, H is height of speci-
men, D is diameter of specimen and X is diameter of steel punch.
The ring test proposed by Hobbs [16] is other method for 
determination of tensile strength of concrete (Fig. 3). The 
ring test has several advantages, such as convenient specimen 
preparation, simple loading and measurement system, failure 
starting away from the loading platen, and pure tensile failure 
mode. From the previous studies of ring tests, the tensile strength 
was calculated from the maximum tensile stress occurring at the 
intersections of vertically loaded diameter and the hole.
Pandit [16] proposed an approximate solution:
σ
pi
=
12W
Dt
Where, σ is tensile strength, W is the applied line loading; D 
and t are the external diameter and thickness of the ring.
In this paper, tensile strength of concrete was measured 
using direct test, flexural test, double punch test and ring test. 
Experimental tests and particle flow code were used to deter-
mine that which one of indirect tensile strength is close to 
direct tensile strength.
Fig. 3 Ring test [16].
2 Experimental tests
2.1 Samples preparation and testing
The concrete specimens were prepared from a mixture of 
two parts water, one part fine sand, and two parts cement. Mix-
ing, casting and curing of specimens were carefully controlled 
to obtain reproducible properties. Mixing the material constitu-
ents was carried out with a blender. The mixed material was 
cast in different volumes for sampling different types of blocks 
(Fig 4). Diameters for cylindrical and disc samples were set at 
54 mm, with the thickness of 108 mm and 27 mm, respectively 
(Fig. 4a, b). Diameters of ring samples were set at 54 mm; 
diameter of circle hole was 20 mm with the thickness of 27 mm 
(Fig. 4c). Diameters of punch test sample were set at 75 mm 
with the thickness of 100 mm (Fig. 4d). Dimension of flexural 
test sample was 1200mm*20mm*20mm (Fig. 4e). Samples 
kept in geo-mechanics laboratory room for 20 days at 20 ± 2 oC 
before being subjected to mechanical testing. Uniaxial tension 
test, Brazilian tensile tests, flexural test, punch tensile test and 
ring test were performed for determining the tensile strength 
and failure mode of intact model material.
(1)
(2)
(4)
(3)
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Fig. 4 Different volumes for sampling different types of blocks used in  
a) Brazilian test, b) ring test, c) direct test, d) punch tests e) flexural test.
3 Particle Flow Code
PFC2D is a two dimensional program to describe the 
mechanical behavior of collection of circle particles based on 
the DEM theory introduced by Cundall and Strack [17]. The 
rigid particles within an assembly displace independently of 
one another and interact only at each contact points. The calcu-
lation cycle in PFC2D is a time-stepping algorithm, in which 
the motion of each particle is determined by Newton’s second 
law, while the contact force at each contact is updated by force–
displacement law. When particles come into contact, the con-
tact force is calculated as a function of a relative displacements 
and specified stiffness. The normal stiffness (Kn) is a secant 
stiffness because it relates the total normal force (Fni) to the 
total normal displacement (Un), Eq. (5), while the shear stiff-
ness (Ks) is a tangent stiffness because it relates the increment 
of shear force (ΔFi
s) to the increment of shear displacement 
(ΔUi
s), Eq. (6).
The linear relationships can be expressed as follows [18]:
F K U ni
n n n
i=
∆ ∆F K Ui
s s
i
s=
where ni is the unit normal vector to the contact plane. PFC2D 
provides two contact-stiffness models: a linear model and a 
simplified Hertz–Mindlin model. The slip condition at contact 
with no normal strength is checked by calculating the maxi-
mum allowable shear contact force:
F Fs i
n
max
= µ
Where μ is the friction coefficient at the contact. If the shear 
force (Fsi) reaches the maximum allowable shear contact force, 
slip is allowed to occur by setting the magnitude of Fsi equal to 
Fsmax using the following equations:
F F F Fi
s
i
s s
i
s← ( )max
Concrete material are represented by bonding particles 
together at contact. There are two bonding models supported in 
PFC2D: a contact-bonded model and a parallel-bonded model. 
Both bonds approximate the physical behavior of a cement-like 
substance lying between and joining the two bonded particles. 
The contact-bond glue is of a vanishingly small size that acts 
only at the contact point, while the parallel-bond glue is of a 
finite size that acts over a circular cross-section. Therefore, the 
contact bond can only transmit a force while the parallel bond 
can transmit both a force and a moment. Both bonding models 
can be active at the same time but the existence of a contact 
bond precludes the slip model, since these last two models 
describe the constitutive behavior for particle contact occurring 
at a point. Both types of bond can be broken if their strengths 
are exceeded. In contact-bonded model, bond breakage may not 
significantly affect the macro stiffness because contact stiffness 
is still active even after bond breakage as long as particles are 
kept in contact. In the parallel-bonded model, however, stiff-
ness is contributed by both contact stiffness and bond stiffness. 
Thus, bond breakage immediately results in stiffness reduction. 
In this sense, the parallel-bonded model is known as a more 
(5)
(6)
(5)
(7)
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realistic model for concrete materials where the bonds may 
break in either tension or shearing with an associated reduc-
tion in stiffness [18]. One of the requirements for the bonded 
particle model (BPM) is the calibration of the micro-contact 
parameters to match the macro-scale response. 
3.1 Brazilian Test
Brazilian test was used to calibrate the tensile strength of 
specimen in PFC2D model. Adopting the micro-properties 
listed in Table 1 and the standard calibration procedures (Poty-
ondy and Cundall [19]), a calibrated PFC particle assembly 
was created. The diameter of the Brazilian disk considered 
in the numerical tests was 54 mm. The specimen was made 
of 5,615 particles. The disk was crushed by the lateral walls 
moved toward each other with a low speed of 0.016 m/s. The 
wall velocity was adequate low (0.016 m/s in all tests) to ensure 
a quasi-static equilibrium. Figure 5a, b illustrate the failure pat-
terns of the numerical and experimental tested samples, respec-
tively. The failure planes experienced in numerical and labo-
ratory tests are well matching. The numerical tensile strength 
and a comparison of its experimental measurements are pre-
sented in Table 2. This table shows a good accordance between 
numerical and experimental results. 
Table 1 Micro properties used to represent the concrete
Parameter Value Parameter Value
Type of particle disc Parallel bond radius multiplier 1
Density 1000
Young modulus of parallel 
bond (GPa)
40
Minimum radius 0.27 Parallel bond stiffness ratio 1.7
Size ratio 1.56 Particle friction coefficient 0.4
Porosity ratio 0.08
Parallel bond normal strength, 
mean (MPa)
25
Damping coefficient 0.7
Parallel bond normal strength, 
SD (MPa)
2
Contact young  
modulus (GPa)
40
Parallel bond shear strength, 
mean (MPa)
25
Stiffness ratio 1.7
Parallel bond shear strength, 
SD (MPa)
2
Table 2 Brazilian tensile strength of physical and numerical samples.
Physical tensile strength (MPa) 4.5 and 4.7
Numerical tensile strength (MPa) 4.5
3.2 Direct Tensile Test
After calibration of PFC2D, direct tensile tests were simu-
lated by creating a box model in the PFC2D (by using the cali-
brated micro-parameters) (Fig. 6a). The PFC specimen had the 
dimensions of 75 mm × 100 mm. A total of 11,179 disks with 
a minimum radius of 0.27 mm were used to make up the shear 
box specimen. Two rectangular zones with length of 30 mm and 
thickness of 20 mm, was removed from the right and left sides 
of the model. After model preparation, four semi circle load-
ing wall were installed in contact with the hole wall (Fig. 6a). 
Tensile loading was applied to the sample by moving the upper 
and lower walls in the positive side of Y-direction and in the 
opposite side of Y-direction, respectively. The Tensile force was 
registered by taking the reaction forces on the wall 3 in Fig. 6a.
Fig. 5 failure pattern in a) physical sample [20], b) PFC2D model.
3.3 Double punch test
Double punch test was simulated by creating a box model in 
the PFC2D (by using the calibrated micro-parameters) (Fig. 6b). 
The PFC specimen had the dimensions of 100 mm × 75 mm. A 
total of 15818 disks with a minimum radius of 0.27 mm were 
used. After model preparation, two loading wall were installed 
in the middle and in contact with the model (Fig. 6b). The length 
of loading wall walls 20 mm. tensile loading was applied to the 
sample by moving the lower and upper walls in the positive side 
of Y-direction and in the opposite side of Y-direction, respec-
tively. The Tensile force was registered by taking the reaction 
forces on the wall 1 in Fig. 6b.
3.4 Ring test
Ring test was simulated by creating a circle model in the 
PFC2D (by using the calibrated micro-parameters) (Fig. 6c). 
Diameter of the Ring disk was 54 mm. a circle with diameter of 
20 mm was removed from the model. The specimen was made 
of 4312 particles. The disk was crushed by the lateral walls 
moved toward each other. The Tensile force was registered by 
taking the reaction forces on the wall 1 in Fig. 6c.
3.5 Flexural Test
Flexural Test was simulated by creating a box model in the 
PFC2D (by using the calibrated micro-parameters). The PFC 
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specimen had the dimensions of 1200 mm ×20 mm. A total of 
6326 disks with a minimum radius of 0.27 mm were used. After 
model preparation, four semi circle loading wall were installed 
in contact with the model (Fig. 6d).
The spacing between the lower walls was 90mm and the 
spacing between the upper walls was 30 mm. tensile loading 
was applied to the sample by moving the lower and upper walls 
in the positive side of Y-direction and in the opposite side of 
Y-direction, respectively. The Tensile force was registered by 
taking the reaction forces on the wall 3 in Fig. 6d.
4 Tensile failure mechanism
4.1 Comparison between Failure patterns in 
numerical models and experimental one
Figure 7-10 shows progress of cracks in direct test, punch 
test, ring test and flexural test respectively. In each figure, the 
results of numerical simulation and experimental test have 
been shown. Black lines and red lines represent the tensile 
cracks and shear cracks, respectively. From Fig. 7a, its clear 
that under direct test, the numerical model gets broken from 
the middle with diagonal tensile cracks what happens in exper-
imental test (Fig. 7b).
Figure 8a shows that under punch test, two wedge of mate-
rial performed at top and bottom of the model. Then model gets 
broken from the middle by one vertical tensile fracture what 
happens in experimental test (Fig. 8b). Figure 9a shows that 
under ring test, model gets broken by one horizontal tensile 
fracture what happens in experimental test (Fig. 9b).
Figure 10a shows that under flexural test, model gets broken 
by one vertical tensile fracture what happens in experimental 
test (Fig. 10b). 
It’s to be noting that, from each experimental test two similar 
samples where prepared and tested under special condition. In 
some cases where the results were undesirable, the third sample 
was tested. Table 3 shows the average value of these data. 
4.2 Comparison between tensile strength in 
numerical models and experimental one 
Table 3 shows a comparison between the tensile strengths 
for direct test, punch test, flexural test and ring test in both of 
the numerical and experimental tests.
Table 3 Results of direct test and punch test flexural test and ring test.
ring testflexural testpunch testdirect test 
5.96.25.54
Tensile strength in 
numerical simulation 
(MPa)
5.55.54.93.7
Tensile strength in 
experimental test 
(MPa)
(a) (b)
(c) (d)
Fig. 6 Specification of numerical model, a) direct tensile test, b) punch test, c) ring test, d) flexural test.
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(a) (b)
Fig. 7 Failure pattern in direct test, a) numerical simulation, b) experimental test.
(a) (a)
Fig. 8 Failure pattern in punch test, a) numerical simulation, b) experimental test.
(a) (b)
Fig. 9 Failure pattern in ring test, a) numerical simulation, b) experimental test.
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Results from numerical and experimental tests show that, 
tensile strength obtained from experimental tests were less than 
numerical one. This is due to the presence of micro cracks and 
micro pore in the physical samples which lead to lower tensile 
strength. Direct tension test yields the lowest strength values 
(Table 3) due to high tensile stress distribution on failure sur-
face. Ring test yields the highest strength values (Table 3). Fig-
ure 11 shows tensile strength error obtained in different tests 
related to direct tensile test. The relative errors are calculated 
by division of difference between tensile strength obtained by 
various tests (xi) and direct tensile strength (a) to direct tensile 
strength ([(xi-a)/a]×100). 
Fig. 11 Tensile strength error in punch test, flexural test  
and ring test related to direct tensile test.
The results shows that tensile strength relative error in punch 
test, flexural test and ring test was 37.5 %, 55 % and 47.5 %, 
respectively. Whereas tensile strength obtained by punch test is 
nearest to direct tensile strength therefore punch test is a proper 
test for determination of tensile strength of concrete in absence 
of direct tensile test.
From other point of view direct tensile test method requires 
much more care compared to indirect methods. Particularly, 
after the production of strong epoxy based adhesives, the uni-
axial tensile tests are done with few troubles. Another diffi-
culty in uniaxial tensile tests is that the test specimen is under 
the influence of moment effects during the tensile test due to 
eccentricity. The sample preparation in four point test and ring 
test are too difficult but it’s easy in punch test. Direct tensile 
test apparatus was consisted of four probes such as inner plate, 
outer plate, M8 bolt and ball bearing (Fig. 7b). The assemblage 
of these probes is time consuming and its number is too large. 
The four point test apparatus was consisted of four probes such 
as two lower loading segments and two upper loading segments 
(Fig. 10). The punch test apparatus was consisted of two small 
loading plates (Fig. 8) and ring test apparatus was consisted 
of two curves loading plates which inserted upper and lower 
of the specimen. From above finding It can be concluded that 
punch test need simple probes for testing and therefore it is a 
practical test for determination of tensile strength of concrete.
Other advantages shown by by punch tests are: (1) the punch 
test need less sample size compared with other tests, (2) less 
material is need for sample preparation, (3) sample preparation 
is easy and (4) the use of a simple conventional compression 
press controlled by displacement compared with complicate 
device in other tests.
5 Conclusions
The tensile failure behavior of concrete in indirect tests 
(flexural, double punch tensile and ring tests) and direct test 
has been investigated using experimental test and numerical 
simulations. 
By using numerical testing, the failure process was visu-
ally observed and failure patterns were watched to be reason-
able in accordance with experimental results. Discrete element 
(a) (b)
Fig. 10 Failure pattern in flexural test, a) numerical simulation, b) experimental test.
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simulations demonstrated that the macro fractures in models 
are caused by microscopic tensile breakages on large num-
bers of bonded discs. Tensile strength of concrete in direct test 
was less than other tests results. Tensile strength resulted from 
punch test was close to direct test results. So punch test can be 
a proper test for determination of tensile strength of concrete in 
absence of direct test. Other advantages shown by punch tests 
are: (1) the punch test need less sample size compared with 
other tests, (2) less material is need for sample preparation, (3) 
sample preparation is easy and (4) the use of a simple conven-
tional compression press controlled by displacement compared 
with complicate device in other tests.
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